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a b s t r a c t
This paper reexamines the optimization process of amanufacturing systemwith stochastic
breakdown and rework proposed by Chiu [S.W. Chiu, An optimization problem of
manufacturing systems with stochastic machine breakdown and rework process, Applied
Stochastic Models in Business and Industry 24 (2008) 203–219]. The proof of convexity
of the long-run average cost function for the aforementioned manufacturing system is
provided in this note. It can be used to replace the conditional convexity given in Theorem
1 of Chiu (2008) [1]. Therefore, when determining the optimal solution for such a real-life
system, computational efforts in verifying the conditional convexity can now be omitted,
due to the improved quality of the optimization process.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
An optimization problem of a manufacturing system with stochastic machine breakdown and rework process was
investigated by Chiu [1]. The conditional convexity of the total cost functionwas employed in Theorem1 by Chiu [1]. In order
to improve the quality of the optimization process, this research note reexamines and presents a proof of convexity of the
cost function for such a real-life manufacturing system. Recall equations (23–24) and (26) from Chiu [1], the expected total
cost function E[TCU(t1)], its second derivative, and δ (t1) as follows (please refer to the Nomenclature list for the notation
used in this study):
E [TCU(t1)] =
[
Kλβ
P(1− e−βt1) +
Mλβ
P
+ Cλ+ CRE [x] λ
]
+
[−t1e−βt1 − 1β e−βt1 + 1β
(1− e−βt1)
]
[ω]
where ω =
[
hP − hλ+ PλE
[
x2
]
P1
[h1 − h]
]
(1)
d2E [TCU(t1)]
dt21
= βe
−βt1(1+ e−βt1)
(1− e−βt1)3
{[
Kλβ2
P
+ 2ω(1− e
−βt1)
(1+ e−βt1)
]
− βωt1
}
(2)
δ(t1) =
[
Kλβ
Pω
+ 2(1− e
−βt1)
β(1+ e−βt1)
]
. (3)
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Nomenclature
The following notation is used in this note (it is the same as what was use by Chiu [1] for the purpose of increasing its
readability):
β Number of breakdowns per year, a random variable that follows the Poisson distribution,
x A random defective rate, x is a random variable with known probability density function,
λ Demand rate (items per unit time),
P Production rate (items per unit time),
P1 Rate of rework of defective items,
K Setup cost for each production run,
C Production cost per item ($/item, inspection cost per item is included),
M Cost for repairing and restoring the machine,
CR Repair cost for each defective item reworked ($/item),
h Holding cost per item per unit time ($/item/unit time),
h1 Holding cost for each reworked items per unit time ($/item/unit time),
t Production time before a random breakdown occurs,
t1 The optimal production run time (i.e. production uptime) to be determined,
T Cycle length whether a machine breaks down or not,
TCU(t1) The total production-inventory costs per unit time whether a breakdown takes place or not,
E[TCU(t1)] The expected total inventory costs per unit time whether a breakdown takes place or not.
2. Proof of convexity of E[TCU(t1)]
From the second derivative of total cost function E[TCU(t1)] (i.e. Eq. (2)), because the mean time between breakdowns
1/β is exponentially distributed with density function f (t) = βe−βt and cumulative density function F(t) = 1 − e−βt ; as
β and t1 > 0, then the first term of Eq. (2) is greater than zero. This implies:
d2E [TCU(t1)]
dt21
> 0 if
{[
Kλβ2
P
+ 2ω(1− e
−βt1)
(1+ e−βt1)
]
− βωt1
}
> 0 (4)
or
d2E [TCU(t1)]
dt21
> 0 if
[
Kλβ
Pω
+ 2(1− e
−βt1)
β(1+ e−βt1)
]
− t1 > 0. (5)
As β and t1 > 0, and 0 < e−βt1 < 1, one obtains the following:
δ(t1) =
[
Kλβ
Pω
+ 2(1− e
−βt1)
β(1+ e−βt1)
]
>
[
Kλβ
Pω
+ (1− e
−βt1)
β
]
. (6)
Because 1 < (1+ e−βt1) < 2, so [2/(1+ e−βt1)] > 1; therefore Eq. (6) holds.
Let µ = Kλ/Pω, Eq. (6) becomes:
δ(t1) >
[
µβ + (1− e
−βt1)
β
]
. (7)
One can set the first derivative of the total cost function (i.e. Eq. (1)) equal to zero for deriving the optimal run time
t1* [2–5]:
dE [TCU(t1)]
dt1
= e
−βt1
(1− e−βt1)2
[
Kλ(−β2)
P
+ [βt1 + e−βt1 − 1] · ω] = 0. (8)
The first term of Eq. (8) is greater than zero, this implies:
Kλ(−β2)
P
+ [βt1 + e−βt1 − 1] · ω = 0 (9)
or
βt1 + e−βt1 = Kλβ
2
Pω
+ 1. (10)
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Substituting µ for Kλ/Pω, Eq. (10) can be rearranged as:
βt1 = µβ2 + (1− e−βt1) (11)
or
t1 = µβ + (1− e
−βt1)
β
. (12)
Combining Eqs. (7) and (12), one has:
δ(t1) >
[
µβ + (1− e
−βt1)
β
]
= t1. (13)
One verifies that βt1 + e−βt1 (refer to Eq. (10)) is monotone with respect to t1 > 0 and δ(t1) > t1 (as shown in Eq. (13)).
The condition of Eq. (5) is satisfied, so the second derivative of the total cost function E[TCU(t1)] must be positive at the
stationary point:
d2E [TCU(t1)]
dt21
= βe
−βt1(1+ e−βt1)
(1− e−βt1)3
{[
Kλβ2
P
+ 2ω(1− e
−βt1)
(1+ e−βt1)
]
− βωt1
}
> 0. (14)
Therefore, the total cost function E[TCU(t1)] is convex. 
3. Numerical example
Reconsider the numerical example given by Chiu [1] as follows: amanufacturing systemhas a production rate P = 10,000
units per year; annual demand rate λ = 4000 units; an estimated time to breakdown 1/β = 2 years, which follows Expo-
nential distribution with density function f (t) = βe−βt and cumulative density function F(t) = 1 − e−βt ; the percentage
of defective items produced x, follows a Uniform distribution over the interval [0, 0.2], a rate of rework P1 = 600 units per
year, and other parameters are summarized below:
M = $500 repair cost for each breakdown,
K = $450 for each production run,
C = $2 per item,
g = 0.018 years, time needed to repair and restore the machine,
CR = $0.5 repaired cost for each item reworked,
h = $0.6 per item per unit time,
h1 = $0.8 per item reworked per unit time.
To verify the fact that the second derivative of the long-run average cost E[TCU(t1)] is greater than zero, we employ the
resulting t∗1 = 0.3168 given by Chiu [1] as an example, and obtain the computational results of Eqs. (2) and (3) as follows:
d2E [TCU(t1)]
dt21
= βe
−βt1(1+ e−βt1)
(1− e−βt1)3
{[
Kλβ2
P
+ 2ω(1− e
−βt1)
(1+ e−βt1)
]
− βωt1
}
= (251.6130) ∗ (0.0232) = 5.8374 > 0.
δ(t∗1 ) =
[
Kλβ
Pω
+ 2(1− e
−βt∗1 )
β(1+ e−βt∗1 )
]
= 0.3400 > t∗1 = 0.3168.
3.1. Discussions
Suppose practitioners in themanufacturing sector decide to adopt solution procedure proposed by Chiu [1] for determin-
ing the optimal run time of such an imperfect production system, by taking advantage of our proof of convexity (as shown in
Section 2), the computational efforts in verifying conditional convexity (i.e. Theorem 1 [1]) can now be completely omitted
because we have proved that it is a fact that δ(t1) > t1 for all t1 > 0.
4. Concluding remarks
This paper reexamines the optimization process of a manufacturing system with stochastic breakdown and rework
proposed by Chiu [1] and provides a proof of convexity of the long-run average cost function for the aforementioned
manufacturing system. Conditional convexity given in Theorem 1 of [1] can now be replaced with this better proof.
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